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Abstract

While neural networks are quite successful at making predictions, these predictions
are usually point estimates lacking any notion of uncertainty. However, when
fed data very different from its training data, it is useful for a neural network to
realize that its predictions could very well be wrong and encode that information
through uncertainty bands around its point estimate prediction. Bayesian Neural
Networks trained with Dropout are a natural way of modeling this uncertainty
with theoretical foundations relating them to Variational Inference approximating
Gaussian Process posteriors. In this paper, we investigate the effects of weight prior
selection and network architecture on uncertainty estimates derived from Dropout
Bayesian Neural Networks.

1 Introduction

While neural networks perform astonishingly well in predicting unseen data from the same distribution
and are able to fit any arbitrary function (Cybenko| (1989), Hornik| (1991)), they output only a
single point estimate, leaving it unclear how confident the model is in its prediction. Incorporating
uncertaint into a neural network’s predictions is important for interpreting, understanding, and
improving neural networks. First, uncertainty estimates allow a network to distinguish between
out-of-distribution and in-distribution data—the model should be less confident about inputs that look
very different from the training data than those which are similar. Second, estimates of uncertainty
provide useful information to practitioners: seeing a distribution of predicted outcomes is far more
informative than a single number Third, uncertainty estimates have applications in Reinforcement
Learning: if a network knows that it has only limited data from certain parts of a distribution, it can
spend more time training itself in unseen regions (Blundell et al. (2015)). These limitations have very
practical consequences. A self-driving car would be better off notifying the driver that it is uncertain
about conditions and needs human input than confidently making a dangerously wrong decision. A
central banker setting interest rates should know that her neural network predicting good economic
times may actually be quite uncertain about its prediction. Given how neural networks are treated as
black boxes, it’s even more important to understand model uncertainty.

One promising direction of research in modelling uncertainty with neural networks uses Bayesian
techniques. The Bayesian paradigm is a natural one for modelling uncertainty as it treats the world
as a series of distributions rather than fixed quantities. Bayesian techniques are used in a variety

* Authors listed alphabetically.

2This uncertainty includes both epistemic, i.e. the model knows what it doesn’t know, and aleatoric, i.e. noisy
data, uncertainty

3For example, economic surveys often ask people how uncertain they are about the future, not because they
want a statistical confidence interval but because this belief uncertainty provides valuable information.



of contexts including in machine learning (Ghahramani (2015); he discusses how to incoprorate
probabilistic uncertainty into a variety of models through Bayesian methods however doesn’t discuss
neural networks), biostatistics (Herzog and Ostwald (2013)), and economics (Herbst and Schorfheide
(2015)).

Fortunately neural networks are already somewhat Bayesian already. For example, most networks
randomly initialize weights. The key will be to connect Bayesian Neural Networks to more well-
understood topics that allow us to get a better sense of what’s going on and how to train them feasibly.
We will show that a Bayesian Dropout Neural Network is equivalent to variational inference in
Gaussian processes. Specifically, section shows that an infinite-width neural network converges
to a Gaussian process (Neal (1995)), sect provides two specific Gaussian process covariance
functions corresponding to the Gaussian and Sigmoid activation functions, section4.T discusses how
variational inference can be shown to be equivalent to the stochastic gradient descent method used
to train neural networks (Kingma and Welling| (2013) and |Gal|(2016)), section @] discusses how
Dropout, a commonly used regularization technique, is equivalent to variational inference (Srivastava
et al.| (2014), Hinton et al.| (2012), |Gal (2016)). Finally, section @] shows how we can obtain a
distribution of uncertainty from the neural network by making forward passes on our the input data
we’d like to predict from with random network dropout.

We run a number of experiments. We begin with two small examples demonstrating why uncertainty
information is useful, especially when a model is predicting on data unlike that which it has already
seen (section 2.1). We then illustrate why probability estimates from a softmax output layer are
insufficient measures of uncertainty in section 5.1, establishing why the Bayesian Neural Network
paradigm is useful. In section 5.2 we examine the uncertainty that various prior distribution choices
over weights can introduce to the network before training begins, and how this changes with different
choices of activation function. We then explore how the choice of activation function affects our
uncertainty bounds (i.e., the posterior distribution of the neural network) in section 5.3, especially
as the model predicts on data unlike what it has seen. In section 5.4, we examine how the choice
of prior distribution affects the posterior distribution of the network. In section 5.5, we compare
the uncertainty obtained from various non-linearities, model sizes, and number of hidden layers.
We observe that different non-linearities produce different uncertainty bounds and deeper networks
produce more certain predictions, but that varying the model width does not have a significant impact.
We then attempt to replicate the theoretical result of a Bayesian Neural Network approximating the
Gaussian Process as network width increases, however show that in practice, we better approximate a
Gaussian process with depth rather than width. Finally, we present a shortcoming of the Bayesian
Neural network approach in section 5.7.

The paper proceeds as follows. Section[2 motivates exactly why uncertainty is necessary in neural
networks through a few simple experiments and examples. Section [ describes the theoretical results
that link Bayesian Neural Networks to more well-understood concepts. Section [5 describes the
numerical experiments we perform. Finally, section [6|concludes.

2 Problem Description

2.1 Neural Networks Need Better Notions of Uncertainty

To show why uncertainty matters, we begin with a simple experiment shown in figure[T. We would
like our neural network to learn 1 — cos(z) (shown in green), however the network only sees training
data for x € [—2, 2] (red, between the dotted vertical lines). The network confidently predicts wrong
answers for new data outside of the training range. However, putting uncertainty bands around the
network’s mean prediction (these bands come from the dropout approach which will be explained
further through the remainder of the paper) shows that the network is actually quite uncertain about
its predictions, especially as it predicts on data farther from where it was trained.



Figure 1: Learning 1 — cos(x)

-~ predict
— 1-cos(x)
—— ftrain

N R R

Figure Notes: The green line is the function we’re trying to learn (1 — cos(z)). The red line is observed data we
train on. The dashed vertical lines represent the training sample. The blue line is the model’s predictions with
shading corresponding to one- and two-standard deviation uncertainty bands. Bayesian Dropout ReLU Network
with 5 hidden layers and 1024 neurons per layer. Standard deviations are the standard deviation of 1000 forward
passes through the trained network with dropout probability 0.1.

The obvious solution, of course, is to simply train the network on the full range of data (in this
example, training on 2 € [—8, 8] might yield a prediction more similar to the data-generating process).
However, one can always come up with some other function that behaves normally in a large range of
input values but then does something crazy as  — Fo0.

This is also true in many real world situations: we may not have access to all of the data, datasets
are often too small, we may not know the range of possible input values needed to train the network,
and there are often unexpected random shocks (or “tail events”): an airplane experiencing some
extraordinarily rare pressure zone or weather system, a self-driving car seeing a tumbleweed roll
across the road (after having been trained only in urban places where only people, animals, and cars
cross the road)’} or an image classification system fed a picture of some alien species beyond our
wildest imaginations. Especially as more critical systems depend on neural networks, this becomes
increasingly relevant.

One specific example is in forecasting the recovery from the 2008 recessions. Figure 2 shows
predictions from a Dropout ReL U network with 5 hidden layers and 1024 neurons per layer trained
on macroeconomic data from 1985 to 200 The input-layer is 88 dimensional (one layer for each
series, including the lagged variables) and the output layer (representing GDP) is 1-dimensional. We
treat each year/quarter pair (e.g. 1984 Quarter 1) as a separate 88-dimensional input datapoint. Hence
we’re predicting GDP at time ¢ + 1 as a function of time ¢ variables (for simplicity the plot only
shows our predictions as a function of time, however it’s important to note that this is not a forecast
in 2006 of the entire path of GDP through 2017, but rather individual one-quarter ahead forecasts for
t + 1 using time ¢ data as input points). The red line represents observed data used to train the model,
the first vertical line represents the end of the training period (2006) and the second line represents
the financial crisis in 2008.

*In fact, issues with self-driving cars have already emerged as demonstrated by the Tesla crash report NHTSA
(2017). While estimates of uncertainty won’t make self-driving cars not crash, it can be used to alert the driver
that she should take over because the car isn’t sure what is happening and needs human input.

SWe use the following series (all of which are publicly available from the Federal Reserve Bank of St.
Louis” FRED database (https://fred.stlouisfed.org) and their 1 quarter, 2 quarter, 3 quarter, and
4 quarter lags: Real GDP (lags only), Real gross domestic income, Nonfarm Business Sector Unit Labor
Cost, Federal Reserve Bank of Philadelphia’s Current General Activity Index, Export Price Index, Capacity
Utilization, New Private Housing Units, PCE Price Index, PCE excluding Food and Energy, CPI excluding
Food and Energy, CPI for Urban Consumers, Import Price Index, Real Disposable Personal Income, Industrial
Production Index, Total New Privately Owned Housing Units STarted, Civilian Unemployment Rate, New
One Family Houses Sold:, and Total Nonfarm Payrolls. These series comprise the publicly-accessible data
used by in the Federal Reserve Bank of New York’s Nowcast model used for forecasting GDP using a Vector
Autoregressive Model (Bok et al.| (2018) (the model’s forecasts can be viewed in realtime here: https:
//www.newyorkfed.org/research/policy/nowcast,


https://fred.stlouisfed.org
https://www.newyorkfed.org/research/policy/nowcast
https://www.newyorkfed.org/research/policy/nowcast

Figure 2: Forecasting Gross Domestic Product
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Figure Notes: The red line is is observed data on which the NN is trained. The blue line is the model’s
predictions with shading corresponding to uncertainty bands. The first vertical line represents the end of the
training sample (2006). The second vertical line represents the beginning of the financial crisis in 2008.

While it’s interesting that the neural network anticipates the 2008 recession, the main point of the plot
is that the model has huge uncertainty during the period surrounding 2010 (and again, but less so in
2016 and 2017E]). Why is this? The recovery from the 2008 recession, especially around 2010 didn’t
follow the rules as far as recoveries from recession have usually gone since the Great Depression
(Cai et al.|(2018) highlights a few reasons why). First, most previous recessions were followed by
quick turnarounds while this recession was followed by a prolonged period of lagging GDP. Second,
a recession of this magnitude should have (from the perspective of the previous data) caused the
Federal Reserve to lower rates more than it actually did; in this case, however, the zero lower bound
(inability to set negative interest rates) limited the Federal Reserve’s ability to control monetary policy
during the recession and recovery (another phenomenon that hadn’t been present following previous
recessions). Third the Phillips curve, a relationship between output and inflation that has historically
held in the data seemed to have weakened or even disappeared. When economic conditions are novel,
a neural network trained on past data may yield inaccurate predictions that if taken to heart with no
uncertainty may lead policymakers astray.

One way to frame this problem more broadly is in terms of generalization: we want our NN
to generalize well to unseen data. To a statistician, this can be thought of as interpolation vs.
extrapolation. However, we usually think about it in terms of generalization to new test data that
comes from the same distribution; in other words, so that we are not overfitting and can learn the true
data-generating process instead of noise. One additional idea that we’re adding here is of testing
on in-distribution vs. out-of-distribution data (i.e. you train the model on data generated from one
part of the input distribution but then predict on data from a qualitatively different part of the input
distribution: the model should be highly uncertain about its prediction on data far from the data it
was trained on).

We can also connect this problem area to the concept of interpretabability. Part of interpreting a NN’s
prediction should involve assessing how uncertain it is about its predictions. Uncertainty estimates
can provide a great deal of information about what a NN is actually doing and how confident it is in
its predictions that simply looking at a point estimate would ignore. Consider a simple example where
you can flip a coin and win either $1000 if heads or lose $999 if tails. The expected value is positive
so anyone looking only at the mean, would make the bet. However, the Variance is quite large—it
provides a great deal of additional information that would lead most responsible people not to play.
For another very basic example of how uncertainty provides useful information, see Krzywinski and

®This smaller jump in uncertainty might correspond to what some of called a “mini”-recession in
rural areas around 2016-another even that would have been novel from the perspective of previous
data. See this NY Times article for more information:https://www.nytimes.com/2018/09/29/upshot/|
mini-recession-2016-1ittle-known-big-impact.html


https://www.nytimes.com/2018/09/29/upshot/mini-recession-2016-little-known-big-impact.html
https://www.nytimes.com/2018/09/29/upshot/mini-recession-2016-little-known-big-impact.html

Altman (2013). Uncertainty estimates can also be useful for interpreting the decisions of complex
decision-making systems such as self-driving cars (McAllister et al.[|(2017)). For example, a simple
decision that a self-driving car makes (for example, swerve away from another car) is a function of
many other smaller binary decisions (such as “is another car moving too quickly towards me?”, ”’is
there another car already where I want to swerve?”, “if I swerve, will I hit the other car?”, and so
on. There is a great visualization of how ignoring the uncertainty inherent to each of these binary
decisions can result in a suboptimal action on the second page of McAllister et al. (2017).

We are interested in uncovering the properties of various network architectures and initializations on
uncertainty estimates derived from Bayesian Dropout Neural Networks. However, first we provide
some background on subjects necessary to understand our results.

3 Background Topics

3.1 Bayesian Neural Networks

The Bayesian approach is a natural technique for modelling uncertainty in that it describes the world
as distributions over parameters rather than fixed quantities. In a nutshell, the idea is to formulate
beliefs on the distribution of a paramete which we call the prior, then determine the likelihood
of our data given values of the parameters. We use Bayes’ rule to combine prior and likelihood,
obtaining the posterior distribution of our parameters—our beliefs about the value of the parameter
after having seen the data:
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One of the first to propose Bayesian neural networks was MacKay| (1992) who argued that they
could act as a way of learning more about what the network was really doing and how well it might
generalize. In the context of a neural network, our parameters are the weights and biases, 6 = [w; b].

(D

Of course, equation (I)) is a challenging creature, especially in the context of models as complicated
and nonlinear as neural networks. Since analytical expressions to draw from the posterior are
unavailable, statisticians have turned to Monte Carlo posterior approximation (which uses an integral
to approximate the posterior) and Variational Inference (which uses a derivative to minimize the
difference between approximating distribution and posterior) There are a number of Monte Carlo
techniques (such as Gibbs Sampling, Sequential Monte Carlo, Hybrid Monte Carlo, Hamiltonian
Monte Carlo, Metropolis Hastingsf]) for sampling from the posterior, many of which are explained in
the context of machine learning models by |Neal (1993). Different methods have different advantages
and disadvantages. For example, Gibbs Sampling requires knowing the conditional distributions
of the parameter (which is never really the case in a complicated neural net); Metropolis Hastings
struggles with multimodal distributions, takes serially correlated draws, and isn’t parallelizable
(Herbst and Schorfheide|(2014)); Hybrid and Hamiltonian Monte Carlo require assumptions about
the the system’s dynamics; Etc. Neal (1995) uses a Hamiltonian Monte Carlo method to evaluate
a Bayesian Neural Network’s posterior which he claims performs relatively well. However, these
methods are all quite slow and—in the context of today’s large neural networks with millions of
parameters—infeasible. Variational inference on the other hand may be far more helpful.

3.2 Variational Inference

When we don’t have an analytical expression for the posterior, we can use a well-known, easy-to-
evaluate distribution ¢(6; \) to approximate it (where 6 is the vector of weight/bias parameters and
A is the parameters of the approximating distribution). By approximate, we mean to minimize the
Kullback-Leibler (KL) divergence (Kullback and Leibler| (1951), Kullback|(1959)) between ¢(6, \)

"For the sake of clarity and simplicity, we take the model as fixed in this example, however one can also
formulate priors and conduct Bayesian inference on classes of models

8For additional information |Goodfellow, Bengio and Courville|(2016) chapters 17 and 19 discuss Monte
Carlo sampling techniques as well as techniques similar to VI that approximate distributions via optimization
(via derivative) rather than Monte Carlo approximation (via an integral)

There are also Importance Sampling and Rejection sampling however these are obviously far too simple
and time-consuming
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In other words, we minimize the expected value of the log difference between the approximating
distribution and posterior with respect to the approximating distribution. This numerical approxima-
tion is called “Variational Inference” which is explained further in Blei, Kucukelbir and McAuliffe
(2017).

Of course, minimizing equation [2] is infeasible—it requires computing the posterior (which is the
point of all of this in the first place!). Instead, we maximize the Evidence Lower Bound (ELBO)
which is equivalent

do 2

ELBO = E,(log p(6, y)) — E,(log 4(0)) 3)

We minimize the sum (across all N datapoints) of the negative ELBOs (equation [3) which we
can rewrite (see Appendix M for why we can rewrite equation E as [ q(0)logp(y|6)do —
KL(q(0)l|p(0))) as

N
£==3" [ a(6)logp(usls* (wi))ds + KL(a(6)]Ip(0) @
i=1

Equation[d]is the objective function for variational inference. We will come back to this in section[d.T

A number of papers have used variational inference to estimate neural networks. For example, [Barber
and Bishop (1998) use variational inference for a neural networks (however, they call it ensemble
learning). |[Bishop et al. (1998) uses a related but alternative approach in which he approximates the
neural network with mixtures of approximating distributions rather than just one. |Graves (2011)
shows a more efficient variational inference approximation of Bayesian neural networks and discuses
tradeoffs between various approximating distributions. FinallyJordan et al. (1999) explains variational
inference from a graphical model perspective which may be useful for any computer scientist

3.3 Gaussian Processes

A Gaussian Process (GP) is an infinite-dimensional stochastic process such that every finite collection
of random variables generated by the process is normally distributed. As with the familiar Gaussian
distribution, GPs are exactly determined by their first and second moments. However, since the
mean just moves around where the distribution is centered, we usually think of GPs as being exactly
determined by their covariance functions.

To get a sense of what different GPs look like, we’ve plotted the posterior distributio of GPs with
a variety of commonly-used covariance function in figure [3] The red line indicates observed data on
which the model was trained. The blue line indicates the model’s predictions and the blue shading
represents one and two standard deviation bands (darker is one standard deviation; lighter is two).
Since our input data is only one-dimensional, the blue bands are really just showing the variance of
the GP posterior corresponding to each covariance function.

10We call this the evidence lower bound because it is the lower bound on the log evidence of the model, p(y).

Since log p(x) = log [, p(6,y) = log [, p(w,2) 4G = log(Ey(E4)) > Eq(logp(6,y)) — Eq(log q(6))
by Jensen’s inequality.

""The definition of KL divergence is K L(q(0)||p(0y)) = [ q(0)log p(fé?z)- Using log rules and the

definition of a conditional probability, we can re-write this as [ ¢(0)log(q(8) — ([ q(0) logp(0,y) — logp(9))
which rearranged is —(Fq(log p(6,y)) — Eq(log(8)) + log(p(x)). This is just —ELBO + log p(). Since we
are minimizing KL with respect to the variational distribution ¢ and p(z) does not depend on ¢, we see that
maximizing ELBO is equivalent to minimizing KL. We will generally ignore the constant, p(y), as it has nothing
to do with our optimization problem; this is similar to the idea of a distribution’s kernel: once we recognize the
form of the prior times the likelihood, we immediately know p(y) since the distribution must integrate to 1.

2However not economists like me who know nothing about graph theory!

"3The data comes from the Mauna Loa dataset which is a dataset of C02 emissions over time from the Mauana
Loa volcanco. It’s the same dataset we will use later on for many of our experiments with NNs and will be
descrbed more fully there.




These plots allow us to see some of the properties that different covariance functions imbue onto the
GP posterior. Why do we care about these properties? As|Williams and Rasmussen| (2006) explains,
the covariance of a Guassian Process is a kernel (and like a kernel, it measures the similarity between
data points. And as for the strong connections between kernels and NNs (Tsuchida, Roosta-Khorasani
and Gallagher|(2017), Cho and Saul (2009)), there are also strong connections between covariance
functions and neural network structure.

For example, the squared exponential, rational quadratic, and Ornstein-Uhlenbeck covariance func-
tions are all stationary (they’re also isotropic, however without diving too deeply into stochastic
processes, this doesn’t matter too much for our purposes). Stationarity means that the GP distribution
shifts only for changes in the distance between input values, not the values themselves (i.e. its
invariant to translations in input Space We can see this in how the bands are of a relatively constant
width for different values of x (they’re homoskedastic). The squared exponential covariance function
is also infinitely differential which makes it very smooth as can be seen in figure [3]

The polynomial and linear covariance functions (as well as the arcsine covariance function, which
isn’t pictured but will show up later on in this paper), are examples of non-stationary covariance
functions since they vary with translation (i.e. the location of the inputs affects the distribution as well
as the distance between them), however the polynomial and linear covariance functions are invariant
to rotations since they’re dot product kernels (kernels for which the covariance only depends on x and
2’ through a dot product). In ﬁgure we see that for these GPs, the variance is quite small (mostly
because the o’s are relatively small). We also see that they’re unable to fit the data very well since we
need a more sinusoidal function (which combinations of squared exponentials can give us but lines
and polynomials can’t).

The exponential sine squared covariance function is an example of a periodic covariance function,
meaning that the variance induced by it is period (as is easy to see in figure[3). In multiple dimensions,
the period would be the same in every dimension.

4Usually we think of stationary in the the context of time series statistics however the concept also applies
spatially. The dissimilarity between two points 2 and x’ depends on their actual separation for a stationary
distribution, however for a non-stationary distribution, their dissimilarity also depends where = and z” are located
on the distribution.



Figure 3: Gaussian Processes with Various Covariance Functions
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Figure Notes: Trained on the Mauna Loa dataset. Red is observed data. Blue is the model’s
predictions, shaded blue represents one and two standard deviations around the mean prediction.

4 Previous Theoretical Results

This section proceeds as follows. In section .1 we show that variational inference on a NN’s
posterior is equivalent to the stochastic gradient descent method used to train NNs. In section 4.2 we
show that dropout regularization is equivalent to variational inference. In section[4.3] we show that
we can also use dropout to generate a distribution of outputs by making taking forward passes through
the dropout network. In sections Mand ??, we connect Bayesian NNs and GPs, a well-understood
class of functions used in Bayesian statistics. Putting it all together, we get that Dropout on Bayesian
Neural Networks gives us a distribution of uncertainty around our point estimate by conducting
variational inference in a function space posterior defined by Gaussian processes.



4.1 Variational Inference and Dropout Neural Networks

In section we showed that to conduct variational inference, we want to minimize equation 4
which we show again for your convenience:

N
£==3" [ a6 logp(usls* (w:))ds + KLa(6)]Ip(®)
i=1

Minimizing this is feasible, however presents two challenges. First, the predictive likelihoods must
be computed over the entire dataset, which is costly if the dataset is large. Second, the predictive
likelihoods may be costly or infeasible to compute, especially in the context of models as complicated
as neural networks.

To resolve the first problem, we can use sub-sampling/mini- batch optimization where we approximate

with

21 2 [ 6)10gp(ul £ )0 + KLiar ()]Ip(0) )

€S

where S is a random subset with M out of N datapoints

To resolve the second problem, we’ll a Monte Carlo approximation of equation [4]] called Stochastic
Gradient Variational Bayes (SGVB) (see|Kingma and Welling (2013)) There are other Monte Carlo
estimators one could use to approximate equation [E] (a few are explained in|Gal (2016)), however
this approach yields an optimization procedure that is almost identical to that used in neural networks
so it will be easy to explain the connections between Variational Inference and Bayesian Neural
Networks using this algorithm in the following section.

To minimize equation [4], we need to compute the derivative of the predictive log likelihood with
respect to the parameters of the approximating distribution ().

The basic idea is to transform an expected value with respect to ¢, () to an expected value with respect
to a simpler “parameter-less” distribution To do so, we re-parametrise the model’s parameters as
0 = g(e, \) where g(-) is differentiable and € ~ p(-) is an auxiliary Variable We take a Monte
Carlo average over L draws from the auxiliary variable’s distribution Written out this is:

0 0
5 EQA(@) [f(o)} = a IEp(e) [f(g(A’ 6)

L
3 I )
=1

~
~

il

where the first line shows the reparameterization (i.e. we can re-write the expectation with respect
to ¢ (z) to be with respect to p(e€)) and the second line shows the Monte Carlo approximation that
comes from sampling from p(e).

15 Another name for this algorithm used in|Gal (2016) is the path-wise derivative estimator. Other names in
the literature include the re-parametrisation trick, infinitesimal perturbation analysis, stochastic backpropogation

'®By parameter-less, we mean something like the standard normal A/ (0, 1) p()

'7One obvious question is how to pick g(-) and p(e) appropriately so that our problem is actually easier. This
is explained further in appendix [ﬂ

8Note that for notational ease, we're writing these derivations as if we were only interested in approximating
the posterior distribution of our parameter. While the point of a neural network is obviously to make predictions
(and we’re therefore interested in the predictive posterior), once we have the posterior, we need only integrate
over the input data to compute the predictive posterior.



Then if we start from the sub-sampling objective (equation [3]]), we can reparametrise and approximate
as follows

ro Z\]\;ZS / 4 (6) log p(yi] £ (2:))d6 + K L(qx(6)|[p(6))

_ _% Z / p(€) log p(yi| F99)do + K L(g(9)]1p(6))
€S

L
~ _% 3 % 3 log p(yil f2X9) + K L(qx(6)][p(8))

€S =1

Removing the inner sum we obtain the minimization objective

N

L=-+; ; log p(yil f**9) + K L(ax(8)|1p(6)) 6)
whose derivative we can compute with respect to A. Algorithm 1| (which is taken from [Kingma and
Welling (2013)) shows how we minimize L in practice. It’s just stochastic gradident descent on A, the
approximating distribution, so it’s already easy to see how we will connect this to a neural network!
Finally, note that the first term in equation (6) basically amounts to the loss without regularization
while the second term is a regularizer that depends on ¢y (#)). We wil reference this structure in
connection to Bayesian Neural Networks in the next section.

Algorithm 1 Variational Inference of Posterior using Pathwise Estimator as per|Kingma and Welling
(2013)

Input: data z;, y;, parameters 6, A

repeat
Randomly sample M datapoints from the N-sized dataset
Randomly sample € ~ p(e) (M times)
Compute the gradient of our estimator

N

M i€S A

VAL = — log p(yil f4O) ()

+%KL(QA(‘9)||Z?(9))

Update A with stochastic gradient descent A = A + nV.L
until A converged

Variational Inference has been used to estimate the parameters of a neural network through a variety of
approaches including including [Barber and Bishop (1998).Graves| (2011), and Blundell et al.|(2015).
While it’s more efficient than Markov Chain Monte Carlo, we want a faster technique.

4.2 Dropout Regularization in Neural Networks

Fortunately, there are more recent papers (Gal and Ghahramani|(2015a),|Gal and Ghahramani|(2016a),
Gal and Ghahramani (2016b) |Gal and Ghahramani (20156)) showing that Dropout Regularization in
Bayesian Neural Networks is equivalent to Variational Inference. This is highly convenient since
dropout is already widely used as a stochastic regularization technique (SRT). Hence, computing
uncertainty bands via dropout requires only minimial additional computational time.

Dropout was first introduced as a stochastic regularization technique by [Hinton et al. (2012) and
Srivastava et al. (2014). The idea is to randomly “switch on” or “off” different neurons with probability
p during training and testing.

“We remove the inner sum and % since mini-batching already takes care of the Monte Carlo part (instead of
averaging over L draws to compute the expected value, we’re averaging over the M datapoints subsampled out
of N; in fact in |[Kingma and Welling (2013), they set L = 1 in their experiments since they’re already getting
stochasticity from the sub-sampling).
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For example, say we have a single hidden layer network with () inputs and K hidden layer neurons.
We sample {e1;}2 | ~ Bern(p;) and {ex;}5< | ~ Bern(ps). This gives us outpu

g = o(Xdiag(e1)W1 + b)diag(e2)Ws

Letting W; = diag(e;)W; be our randomly dropped-out weights, we can rewrite this as

Vb (z) = § = o(aWy + b)Wa (7)
which looks like how we’d normally write a network (but with random weights denoted by the tilde’s).

The objective function for a dropout network might look something like

ZE (i), i +)\1||W1H+/\2||W2H+)\3||b‘| ®)
ZES

which takes the form of an error function denoted by F(-) (perhaps quadratic loss) plus regularization
terms (in || - |]).

For many cases (in particular, the Gaussian case for which we’ll show in the next section that a
Bayesian Neural Network approximates as Nyeyrons — 00), minimizing the quadratic loss is equivalent
(up to a constant) to maximizing the likelihood (one way to think about this for a statistician is that
Maximum Likelihood estimators for Normally-distributed random variables minimize quadratic loss).

So we can redefine our minimization objective as

— log p(y| f?(x)) + const. 9)

and the regularized loss function as

L = —logp(y| f90)) + const. + Ay ||Wa || + Aa||[Wa|| 4 As||b]| (10)

which looks remarkably similar to equation [[6]. Both equation [6]’s and [I0]’s first term is something
we want to maximize, and the following terms are regularizers. For equation [6, the regularization
term depends on ¢y (z), the approximating distribution, while for equation |£ the regularization
terms depend on the random weights. Hence, different stochastic regularization techniques/different
priors on weights (anything that controls the regularization terms in equation [[I0]) should correspond
to different approximating distributions (which control the regularization term in equation [[6])).

Specifically, the KL condition
0 0
59 K L@AO)Ip(9)) = ZoAlIWall + Aol [W2 + As]ol] (11)

shows when the regularization terms in equations IE] and @] are the same. In that case,

%Ldmpout 0) = %L mc(0) and the optimal weights found using optimization of a dropout neural
network are the same as those found using Variational Inference on a Bayesian NN of the same
structure.

4.3 Generating the Distribution of a Neural Network’s Output

In the previous section we showed that estimating a neural network with variational inference is
equivalent to training a neural network using stochastic gradient descent. Next, we want to use this
network to obtain estimates of predictive uncertainty.

To do so, we just need to integrate over the data which we do via Monte Carlo simulation. To get the
mean of the predictive distribution, we make 7" forward passes throgh the network and compute:

E(fyn(z ZfNN

Of course, the mean is just a point estimate, something with which existing neural networks already
do quite well.

Pdiag(v) is an operator that constructs a diagonal Matrix with entries given by v
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We’re interested in the second moment of the predictive distribution. |Gal (2016) shows that we can
approximate this by taking the Monte Carlo average over 1" forward passes through the network as
T — o0

T
o+ 3 F () £ 1) T2 By o] (12
t=1
where o2 represents the prior variance of the weights (we treat it as a scalar here and therefore
multiply by the identity, however we could also have different os for different weights—this would
just make the math a bit more complicated).

We start out with the definition of the 2nd moment of the distribution approximated via variational
inference (this is why the expected value is with respect to ¢, the approximating distribution).

Eqyioly'y] = / (/yTyp(ylx,G)dY> qx(0)de

- / (Covp(yix,0) Y] + Epylx.0) Y] Entyix,0) [¥]) ax(60)d6
= 0’T+ f%(x) f(x))qx(0)d0

In the first equality, we use the integral definition of expected value (outer integral) and integral
definition of the second moment (inner integral). The second line uses that E(X?) = Var(X) +
[E(X)]? (in vector form). The third line is true because the the prior variance is given by o and the
mean of the network is just the network’s prediction.

By definition of variance, we obtain the following estimator:

T
Vi) = o’T4 2 30 ) ) B B TS Varg e ) (13)

We can also compute other moments and quantiles of the predictive distribution via Monte Carlo
approximation taking 7' — oo forward passes through the network.

4.3.1 Neural Nets and Gaussian Processes

One important result central to Bayesian Neural Networks, and this paper in particular, comes from
Neal (1995) who shows that with an infinite number of neurons (in a single hidden layer network),
the prior over functlon induced by the Bayesian Neural Network (and therefore posterior over
functions) converges to a Gaussian Process. Neal uses the following single hidden layer setup with
H neurons in the hidden layer and [ inputs:

H
z) =bp + Y vikh;i(z) (14)
i=1
and
hJ(ZL') = J(Qj —+ Zuwxl) (15)

The nonlinearity o(-) can be any bounded function. The input-to-hidden weights and hidden unit
biases u;; and a; can have any distribution so long as they are i.i.d and the hidden-to-output weights
v, can have any zero-mean and finite-variance distribution.

Neal|(1995) shows that the prior over output functions fi(x) induced by our prior over weights and
biases is Gaussian. The basic idea is to show that each v;;h;(z) in the sum is normally distributed
with mean zero and bounded variance then use the Central Limit Theorem.

2'We say “prior over functions” and “posterior over functions” because the output of a Bayesian Neural
Network is a function and a Gaussian Process is a distribution over functions. However, we distinguish these
from the “prior over weights” which is simply the distribution used to initialize weights. This dinstinction is
important because the mapping from priors over weights to priors over functions induced by a NN are highly
nonlinear (since the network is nonlinear) as we will explore in section ??
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First, the mean of each summand is E[v;,h;(z)] = E[v;i] E[h;(x)] = 0. The first equality holds
because v, and h;(x) are independent and the second one holds because E[v;;] = 0 by assumption
and E[h;(z)] = E[o(a; + Zle u;;2;)] = 0 since the weights and biases are all mean Zero

The CLT requires that the variance is bounded. This holds so long as the nonlinearity is bounded and
the variances of the priors are bounded since E[(vjxh;(x))?] = E[v3,| E[h;(2)?] = o7 E[h;()?] =
02V (x) if we call V(z) = E[h;(x)?]) (as before, we can switch the expected values and the product

since everything is i.i.d). The CLT tells us that as H — oo, the sum Zle vikhj(x) becomes
distributed according to N'(0, Ho2V (z)). Therefore, fx(x) ~ N (0,02 + Ho2V (x)) where o2 and
o? are the variances of the weights and biases.

Hence, we’ve characterized the mean and variance of the Gaussian Process induced by the infinite-
width NN with random weight initializations satisfying the i.i.d assumptions above. Note that since
the network is infinite, the sums in equations[I4]and[15|become infinite sums and V' (z) — oo (since
H — 00), however Gaussian Processes are infinite objects such that any finite collection of them is
Normally-distributed which equations|14]and|15|satisfy as shown above

4.3.2 Specific Covariance Functions

One shortcoming of [Neal (1995) is that he only shows that there exists some Gaussian Process
corresponding to an infinite-width single layer network, however he doesn’t show which network
architectures correspond to which Gaussian Processes (in other words, he doesn’t show what V' (z) is).
Williams|(1998) extends Neal| (1995)’s results by providing analytic expressions for the covariance
functions defining GPs that correspond to NNs with sigmoid and Gaussian nonlinearities.

First, he shows that for a single layer neural network with a sigmoidal nonlinearity defined by the
error function, as the number of hidden layers — oo, the network converges to a N (0, Ve (x, ')
Gaussian Process where V' (z, z') = E, [erf(x; u) erf(z'; u)] is given by

2 22TV’
Vert(z,2') = Zsin™! LT
™ V(1 +22T%2)(1 + 22'TSa’
where (u ~ N (0, X) are the weights).

For reference, the error function (it looks like tanh(x); see figure 4} is:

erf ! /gﬂ -t (17)
'Ly — —= (&
N -

(16)

—— ety
tanh(x)

ET) 05 00 05 10

Figure 4: erf z and tanh(x)

The mean is zero for the same reasons as in|Neal (19935)); the hard part is the covariance function.

The sketch of the proof is as follows. The appendix contains a more detailed proof which uses the
outline from Williams|(1998) (however we add additional explanation and exposition to the barebones
outline thatWilliams (1998) provides).

ZNote that this argument relies on the data being fixed rather than random which is reasonable since the
data is fixed once we observe it. Alternatively, the proof also works if for random data we assume the data are
independent from the weights w;;.

B0Often, we also scale the prior variance of the weights by the number of hidden units by setting o, =
w, H~/? for some w, then the prior for f), converges to Gaussian with variance o7 + W2V ().
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By definition of V(x, x’

1
‘/erf(xax/) = A1

- rf (u”'x) erf(uTx’
(27T)|Z|1/2/ef( )exf(u”x)

L (18)
-exp(—§uTE*1u)du

where u ~ N (0, ) are the weights.

We simplify our integration problem by (1) using a few clever substitutions to rewrite equation [[T8]]
in a more convenient form without 3 and (2) change bases to convert from a d + 1-dimensional to a
2-dimensional integral, ending up with a function of the form (this is quite similar to the first step of
Cho and Saul|(2009) when they’re deriving the kernel that corresponds to certain neural networks)

//erf aj u')erf(adu')éxp < v ;—u 2) duydus (19)

We will evaluate this integral by constructing a “dummy function” I(\) equal to the integrand for
A = 1 and then “integrate by differentiating with respect to the parameter” A (which is just an
auxilliary variable)

After integrating by parts and some very clever substitutions, we end up with I'(\) = 2 1 d S @

T /18
is defined as 6 = Ja +2xf;iif;2yvz =. This should be easily recognizable as d% arcsin(f) (using
the chain rule since 6 is a function of A\. So [ = sm ~1(0), or since § = 22" Da’

V(4227 Sz) (1422 T 8a’

T /
Vet (x, %) = 2 sin ™" 2r Y (20)
™ V(1 +22T87)(1 + 22/ TS

Second, |Williams| (1998) shows that for a Gaussian nonlinearity, the covariance function is:

d T o JNT - 1T 1
Va(z,2') = (%) exp (f ;U;;) exp (7%) exp <X20721(> 2D

where the o terms are functions of the the variance of the priors. This proof is more complicated and relies on a
long, tedious integration so we refer readers to the Williams|(1998)) paper.

This covariance function is a scaled squared exponential covariance function. If it were missing the final

exponential term which, it would be just a squared exponential covariance function which would be a nice result
‘U.T’LL

since the squared exponential covariance function is stationary. However, since we’re scaling by e 29m) here, we
actually end up with a nonstationary covariance function.

S Experiments

In addition to the two experiments presented section in [2] used to motivate our paper, we run a number of
experiments exploring how model structure affects estimates of uncertainty obtained from a Bayesian Dropout
Neural Network.

First, we demonstrate that the probabilities put out by a softmax layer do not capture uncertainty in a useful
manner. Second, we explore a number of different weight initalizations and how these priors on weights map to
priors over functions (i.e. priors on the neural network). Third, we explore different activation functions (which
correspond to different covariance functions in GPs). Fourth, we investigate the effect of network width and
depth on uncertainty estimates. Finally, we’ll present one shortcoming of this approach for modeling uncertainty.

2*The Gaussian distribution on weights gives us the exponential term and the denominator in front while the
product of error functions comes from multiplying the nonlinearities as one does when computing a variance.
2 72
u 1+u’s

BIN) = £ [erf(Aai u)erf(a5 u)e” 2
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5.1 Probabilities Obtained via Softmax Output Layer are Insufficient

For classification tasks, one may argue that a neural network can easily model uncertainty by simply outputting
a probability obtained via a softmax output layer.

sin(x)

cos(x)

of some model (this can be a neural network or any other model). Now add noise to this output (the noise

can either represent noise in the data or uncertainti about the proper functional form for the model). Let
5

We illustrate why this isn’t the case using the following examp]eH Let f(z) = [ ] be the output

f(z) = f(z) + [Z] where £; ~ N(0, 1). In figure panel A, we plot f(x) and in panel B we plot the output

of the softmax layer o (f(z)) (for simplicity, we only show the first output sin(x); solid line). In panel C, we
add noise to each function to obtain a distribution (represented by the 95% bands) f(x). We then recompute the
softmax for the whole distribution of inputs which is shown in panel D. Although o (f(z)) (the point estimate)
gives almost 100% probability of belonging to the red category, if we look at the uncertainty bands, we see
that there is actually quite a bit of uncertainty about this prediction (anywhere from 70 to 100% probability of
belonging to the “red”).

0.8 -

0.2

L L L " L L L L L s s
-2 =1 0 1 2 3 -2 =1 0 1 2

Panel A Panel B

a(f(@)
— J@

L L L s L s L L L L L
-2 =1 0 1 2 3 -2 ~1 0 1 2

Panel C Panel D

Figure 5: Panel A shows f(z). Panel B shows o(fi(x)). Panel C shows f(x). Panel D shows
o(fi(z))

The point of this toy example is that while the probability of a category represents uncertainty to some extent, it
misses how uncertain we are about that uncertainty/probability. A probability of some outcome is a parameter
with a distribution just like any other parameter.

Where does this uncertainty come from and what does it represent? We might be uncertain about our model,
the data used to train and test the model might be noisy, or the data we are using our model to predict with are
far from the distribution of data the model was trained on. Softmax doesn’t help us with out-of-distribution
data—since it must assign probability to some outcome category, it will simply pick the category that is most
likely relative to the others, even if that category is a bad fit. It also doesn’t include uncertainty about the model

%A similar set of plots are shown in|Gal and Ghahramani| (20164}, however they present only a sketch of
some imagined function without specifying the function. In this plot we give an example of an actual function
for which this occurs
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since it just takes a point estimate from the model as a given and evaluates that outcome relative to other possible
outcomes.

5.2 Prior Plots

Before looking at uncertainty estimates from the full posterior/trained NN, it’s important to get a sense of the
uncertainty each prior on weights induces onto the network for different activation functions}™'| Figures E@ show
the priors on weights induced by combinations of different weight priors and activation functions. They help us
to understand the uncertainty that our priors on weights put on the network before training on data. To generate
each plot, we take 40 forward passes through the network (5 hidden layers, 1024 neurons per layer) for each
input x then compute the 25th quantile, 75th quantile, and mean of the network output distribution. The bold
black line is the mean, the blue shaded region is the interquartile range, and the light blue lines are the output
from individual forward passes through the network.

Since, we don’t know before seeing the data where in the data-space we want our model to be more and less
uncertain, we would like the variance of our distribution to be relatively constant across values of x

Figures|6|and[7| which use the Glorot/Xavier Normalization (Glorot and Bengio (2010)) seem to satisfy this
criterion the best. The basic idea of this procedure is to normalize the variance of our prior on weights to take into
account the number of inputs and outputs into each layer. While|Glorot and Bengio|(2010) originally invented
this technique to improve training by avoiding saturated activations, our new result shows that this initialization
has a second advantage: it doesn’t presuppose any uncertainty for different inputs before seeing the data. Naively
drawing from a Normal or Uniform distribution, on the other hand however, seems to lead heteroskedastic
(i.e. varying variance) prior uncertainty estimates (this is especially interesting because a standard deviation of
o = 0.05 is quite small). While certain activation functions like sigmoid, softmax, and softplus seem to suffer
from this less, in general, it seems that a prior on weights that doesn’t take into account the structure of the layers
(i.e. the width of the previous and next layer) may be a poor choice of prior in terms of learning uncertainty.
In appendix we show a number of other prior initializations In general, sigmoid, sotmax, and usually
softplus seem to produce constant-uncertinaty NN-priors no matter what initialization prior is used.

Figure 6: W ~ N (0, v/ m) (Glorot and Bengio (2010)))

(a) elu (b) linear (c) relu (d) sigmoid

(e) softmax (f) softplus (g) softsign (h) tanh

*"While the results of [Williams|(1998) (showing that certain activation functions correspond to different GP
covariance functions which have known properties like stationarity, etc.) give us a sense of what to expect for
certain activation functions (at least as network width — 00), it’s not immediately obvious what each prior will
look like with various activation functions since NNs are highly nonlinear.

2For a stationary covariance function, this will always be the case.

®One is a method introduced by [He et al. (2015) that they show works better for training networks using
nonlinear rectifiers such as ReLU (however, as figures |A.1]and|A.2|show, they lead to heteroskedastic prior
uncertainty). Another is an approach used in|Klambauer et al. (2017) that they argue works well and provides
nice training properties with Scaled Exponential Linear Units (which are quite similar to our ELU units). For
our purposes, however, the Klambauer et al. (2017) normalization only provides homoskedastic prior uncertainty
for the softmax, softplus, and sigmoid (notably, it doesn’t for the eLU units). We also show results for a
truncated Normal distribution (truncated at > 2¢) that theoretically should that should reduce the probability
of drawing “outlier” weights from the prior, however this also produces heteroskedastic uncerainty (only for
sigmoid, softmax, and softplus does it perform better).
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Figure 7: W ~ Unif [—0.05, 0.05] (Glorot and Bengio (2010))
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Figure 8: W ~ N (0,0.05)

(b) linear

(c) relu
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Figure 9: W ~ Unif [-0.05, 0.05]
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5.3 Activation Fuctions and Uncertainty Estimates

We next explore how the choice of activation function affects our uncertainty bounds. This exercise is akin
to examining the posterior distribution of the Neural Networks output function. As|Williams (1998) showed,
different nonlinearites in a single hidden layer network correspond to different Gaussian Process covariance
functions (as network width — o0). For reference, appendix ﬁgure[ﬁ]illustrates what each activation function
we use looks like.

We evaluate the model’s uncertainty predictions during extrapolation of the Mauna Loa CO2 concentrations
dataset (Keeling|(2004)). This dataset is a useful one for this purpose as it is relatively volatile and oscillates with
high frequency. Hence it provides both a difficult function to learn that a NN is a prime candidate for (despite
that it only has one input dimension) and also allows a natural conception of uncertainty that looking only at a
point estimate wouldn’t capture.

We train a neural network (5 hidden layers and 1024 hidden units) using various activation functions and dropout
probability 0.1""|on the data shown in red then test on the entire dataset. Model uncertainty estimates are created
by sampling 100 forward passes from the network with different random hidden units dropped out each pass.
We use this sample to calculate the mean (which approximates the point estimate output by an ordinary neural
net i.e. what the output of our NN would be with dropout probability 0.0) and the model’s uncertainty prediction.
For the sake of this experiment, we have represented the uncertainty estimate via the middle 50% bands of
the distribution in order to see the skew of the distribution as opposed to using the standard deviation which
would always yield symmetric uncertainty around the mean. In some experiments (especially for the Sigmoid,
Softmax, TanH, and Softsign activations), the prior-activation-hyperparameter combination caused the gradients
to collapsel” | In others, the network was not trained long enough to converge. As our primary concern is the
behavior of the uncertainty estimates as the model observes data far from the data it has already seen, we leave
these cases for further investigation with more computational resources. However, we show our current results

in appendix figure[A.7|

3We train for more than 10,000 epochs in all cases, however the exact number depends on the nonlinearity
and how difficult the network was to train.

31Part of the reason some of these many not have trained properly is because of the choices of prior. For
example, (Glorot and Bengio| (2010) shows that the sigmoid activation performs poorly with random weight
initialization because the mean of random draws put through a sigmoid nonlinearity is nonzero, leading deeper
neurons to saturate.
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Figure 10: Different Activation Functions and Uncertainty Estimates

-1

(a) elu (b) linear

(c) relu (d) softplus

Figure Notes: Comparison of various activation function selections on the uncertainty predictions. We also ran
experiments using the sigmoid, softmax, and exponential activation functions, but have omitted them in this
example as their gradients collapsed during training.

Figure[10 shows that uncertainty bounds can depend on the choice of activation function. In each plot, the
black line represents the mean of the posterior (which is what we’d get as the point estimate from an ordinary
NN) alone usually doesn’t capture the high frequency oscillations. However with uncertainty bands, we at least
capture the possibility that the NN’s point estimate prediction may not be entirely accurate.

The linear (figure[10b), ReLU (figure[10c), and eLU (figure[10a) activation functions yield uncertainty bounds
that fan out linearly. For the linear, ReLU, and eLU nonlinearities, this makes intuitive sense as linear is linear
and ReLU and eLU contain linear components. Softplus yields uncertainty bounds that seem to fan out slightly
more nonlinearly. In all cases, the uncertainty bands fan out as they move farther from the training data which is
exactly what we’d want and expect.

5.4 Choice of Prior and its Effect on the Posterior

We’ve already shown in section [5.2]that the choice of prior on weights says something about the prior over
functions. One example of how this manifests into the posterior estimates is shown in figure[2?] While the
network trains makes reasonable predictions with both Glorot Normal and Glorot Uniform initialization, the
mean and uncertainty bands both spike outside of the training range when initializing weights with a (0, 0.05)
prior. This experiment acts as a cautionary tale when selecting priors: it’s important to be mindful of the prior
otherwise, one may obtain strange results (in particular, one does not want to presuppose any kind of differing
uncertainty for different types of input data unless there is a good justification for doing so).
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(a) Glorot Uniform (b) Glorot Normal () N(0,.05)

2 15

10

Finally, we conduct the same experiment for all cross products of [Glorot Normal, Glorot Uniform, and
N(0,0.05) prior weight initialization] and [Linear, eLU, ReLU, TanH, Softplus, and Softsign activations].
While the it’s already a well-established result (see|[He et al. (2015), [Klambauer et al. (2017), for example) that
the choice of prior weight initialization matters a lot for training performance, [A.7 provides additional evidence
of this evidence for this. For example, the linear activation only trains with a Normal prior that uses Glorot
variance normalization (top middle). A TanH network seems to train slightly better with a A/(0,0.05) prior
(bottom right). Softplus only trains with a Normal prior that Glorot-normalizes the variance (bottom middle).

5.5 Depth and Width

We next evaluate how depth and width affect uncertainty bounds obtained via our Bayesian Dropout Neural
Network. We compare networks with varying numbers of widths (K), and hidden layers (/).

Figure 12 column I shows the effect of depth (we only show the network’s predictions, not the data here, however
these networks are also trained on the Mauna Loa dataset introduced previously). We see that for all three
nonlinearities the uncertainty bands tend to decrease as the number of hidden layers increases. This is good
as we already know that deeper networks are more expressive (Telgarsky|(2015), Telgarsky|(2016), [Yarotsky|
(2017), and others) therefore a neural network trained with more layers should be more certain that it is correctly
approximating the function than a more shallow network.

In column II, however, we see that width has no effect on uncertainty. For single hidden layer networks with
100, 512, and 1024 neurons and TanH, softplus, and ReLU nonlinearities, we see that the uncertainty bands do
not decrease as the width of the network increases.
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1. Varying Number of Hidden Layers /| II. Varying Model Width (K)
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Figure 12: We evaluate model extrapolation with various non linearities, hidden layers (1), and model
sizes (K). Shown are predictive mean (thick solid line) and predictive uncertainty (shaded area,
showing 2 standard deviations).

5.6 Depth, Width, and Convergence to Gaussian Processes

The results of Neal (1995) and|Williams|(1998) show that an infinite width neural network approaches a Gaussian
Process with covariance function defined by the choice of activation function. However, in practice we only
have finite neural networks. In the next experiment we investigate whether the result holds with finite neurons
and whether increasing the width of the network converges to a Gaussian Process. While in the previous section
we used ReLU, Softplus, and TanH, |Williams (1998) shows that NN with Gaussian activation and infinite width
converges to a GP with a scaled squared exponential covariance function. Hence, here we use a Gaussian
activation (additionally, ReLU and Softplus are nonbounded so there’s no guarantee that|Neal (1995)’s result
holds for them anyways).

Figure[13|shows that with any number of neurons wide that is feasible to train on a standard laptop (up to 10,000
width), the single layer network doesn’t approach a GP with squared exponential covariance. The black line
represents a GP with squared exponential covariance trained on the same Mauna Loa dataset we’ve been using
(for readability, the data is not shown on this plot). The other colored lines show predictions of networks with
varying widths. This experiment indicates either that (1) you really need infinite neurons for this result to hold or
(2) that the scaling in the covariance function|Williams (1998) obtains is actually quite important. In either case,
the result is not quite as nice since either neural networks that approach GPs are infeasible to use in practice or
they approach a GP with a covariance function that is analytic but with less nice properties (such as stationarity
because the scaling makes the scaled squared exponential covariance function non-stationary).

Depth on the other hand seems to help a lot. This result makes sense since, as a a number of recent papers
demonstrate the expressive power of depth (Telgarsky|(2015), Telgarsky|(2016), | Yarotsky (2017), Liang and
Srikant (2016), and [Eldan and Shamir (2015)). While proving the result of Neal|(1995) and Williams (1998)
may be more difficult in the case of deeper-than-one-layer networks, based on this numerical result, they seem to
converge even faster than the wide networks Williams (1998) uses.
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Figure 13: In practice, depth rather than width seems to yield convergence to a Gaussian process

—— Gaussian Process
4 —— Hidden Neurons = 100
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(a) NN (Gaussian Nonlinearity, 1 Hidden Layer); (b) NN (Gaussian Nonlinearity, 5 Hidden Layers);
GP (Squared Exponential Covariance) GP (Squared Exponential Covariance)

5.7 But is our network learning uncertainy as it trains?

So far, we’ve shown that the Dropout Bayesian Neural Network produces reasonable estimates of uncertainty in
that as one moves away from the training data, uncertainty increases. Additionally, we seen that increasing the
depth of the network seems to reduce uncertainty (since the network becomes more expressive) while width has
no effect. Finally, we seen that different activation functions and prior distributions induce different shapes of
uncertainty onto the neural network’s predictions.

However it would also make sense that as a network is trained longer, it should become more confident about
its predictions. To test this, we keep track of network uncertainty as the network trains. More precisely, after
each 200 epochs of training, we feed 1000 forward passes through the dropout network using the weights of the
network at that point in training. We then calculate the standard deviation of the output distribution for each
input value x (we average these standard deviations over all inputs ). We continue in this fashion through the
training process. While we might expect the neural network to become more confident as it trains more, figure
shows that this isn’t actually the case.

It’s not entirely clear why our network isn’t becoming more certain as it trains more. One possibility is that
the network knows that as it trains more it will overfit more and hence knows it will perform worse on new
data. Another possibility is that the network isn’t really learning uncertainty but rather that we are just imposing
stochasticity onto the network that we choose to interpret as uncertainty because it has some nice properties. We
leave these questions as future directions to explore.

Figure 14: Uncertainty Estimates as the Network Trains
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6 Conclusion

Existing neural networks lack meaningful notions of uncertainty. This makes them less interpretable, gener-
alizable, and in general worse at the jobs they are designed for. Not only does understanding the uncertainty
of a prediction provide useful information about that prediction and the network that made it, it can prevent
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catastrophic decisions made on the basis of bad predictions (after all, predictions with some kind of confidence
bands are usually interpreted as 100% probability predictions).

In this paper, we first laid out some theoretical justification for modelling uncertainty using a dropout Bayesian
neural network. We connected this network to Gaussian processes, a well-understand statistical model. We
then showed that dropout is equivalent to variational inference and therefore the dropout neural network is
approximating a Gaussian process posterior via variational inference with the Bernoulli distributions used for
dropout.

Finally, we presented a number of experiments examining the effect of network structure and weight prior
initialization on the uncertainty bands obtained from a dropout Bayesian neural network. In general, we find that
the activation function affects the shape of the distribution (does uncertainty fan out linearly or nonlinearly and
does the distribution have long or short tails?), greater depth reduces the networks uncertainty while width has
no effect, and that the choice of prior can be very important both to train the network and appropriately model
uncertainty.

A.1 Re-writing the ELBO

Eq(logp(8,y)) — Eq(log q(8 q(0) log p(8,y)df — / )log q(9)

q(0)[log p(y|0) + log p(6)]db

- [ @ ogaerio

q(0) log p(y|6)

- / (6) log (68) — log p(6)d6

D= [l
= [«
/ 4(0) 10g p(y[6) — 4(0) log 4(0) + log p(0)
= [«
= [«

4(0)
q(0) log p(y|6) — / (0)log 0 )d9
- / 4(6) 1og p(y|6)d0 — K L(g(0)[1p(0))

A.2 Picking the Transformation and Auxiliary Distribution for SGVB

According to Kingma and Welling (2013), there are three ways to go about this depending on which approximat-
ing distribution one uses.

1. For distributions that have a notion of a parameterless “standard” distribution with “location” and
“scale” parameters (like the standard Normal) we simply draw e from the “standard” distribution
(with location 0 and scale 1). Then g(-) = location + scale x e.

2. If we know the inverse CDF of ¢x(z), we can use the inverse transform method. Let € ~ U(0, I)
and g () be the inverse CDF of g (6). This works for exponential, cauchy, logistic, rayleigh, pareto,
weibull, reciprocal gompertz, gumbel and erland distributions

3. If a distribution is a composition of distributions in cases (1) and (2), we use the composition rule. For
example, a Chi-squared distribution is the sum of squared standard Normal random variables so we
would use this knowledge in combination with technique (1). Other examples include the Gamma
(sum of exponentially-distributed r.v.s), Dirichlet (weighted sum of Gamma-distributed r.v.s), Beta
(constructed from Gamma or x? distributed r.v.s), F (ratio of x?-distributed rv.s), and Log Normal
distributions.

A.3 Proof for Sigmoidal Ativation

This proof comes from Williams|(1998) with significantly more explanation.

3This includes the Laplace, Elliptical, Student-t, Logistic, Uniform, Triangular, and Gaussian distributions.
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Let C be the square root of the matrix £~! (which means that CT = C and Z7! = C?). Alsolet u’ = Cu
(this means that u = O~ v’ and u” = W77 = wTC~! and du = %“,. Then,

Vere (X, x') = ; erf(ulx) erf(u”x’ exp fluTEflu du
1
(2m) % 3|12 2
= ¢ erf(u”x) erf(u” x")exp —luTE_lu du
(d+D
(2m) 2 2
C 1T ~—1 1 - 1 7 0
= < erf(u’ et x)erf(u’” C7 'x')ézp(—zu’ C u)du
(QW)T 2
= # erf(u’” O 'x) erf(u’" O~ %’ éxp —lu'TC’u du’
d
(271-)7 2
= L I /erf(u c~ )erf(u'TC'_lx/)éxp(—lu'Tu')du/
2m) =z 2

1 uituy
=5r /erf ai u') erf(aj u')éxp(— ———2)du} dub

The first line holds by definition of V' (z, z’). The second line substitutes C' = $71/2 The third line substitutes
u? = «/"C~'and £~ = C?. The fourth line substitutes du = 4 and u” = w'TC~!. The fifth line

substitutes w = C' 1w/, The line holds by a change of bases (similar to what|Cho and Saul|(2009) do) such
that the basis vectors e; and e: lie in the plane defined by % and X’ and all other basis vectors are orthogonal
to it. In this basis, X and X" are defined only by a linear combination of e; and e> (X = ai11€e1 + ai2e2 and
% = asie; + axes). Thus W'k = a11u) + aroub and w'' X' = as1u) + azoul (since e; and ey are just
basis vectors). Note that a; = [anagTQ] and as = [a21 agg]T. The idea here is that we’re converting the d + 1
dimensional integral over all the weights to a two dimensional one.

To compute this integral we’re going to construct a slightly more complicated function and then “integrate by
differentiating with respect to a parameter.

Let I()\) = ﬁferf()\a'{u/)elrf(aéru)e_“a/2 where v'?> = «/"u/. Note that I(1) = Ve(z,2') (the
expression given above).
dI(X)

oy ==5

2 1
= o Ur /alTu/ erf(aQTu/)exp(—§u/T(I+ 2X%a1a1 )u'du’

Let B=1+ 2)\2a1a{,d’ = B1/2u/,cl = Bil/2a1,cz = B71/2a2

1 ~
= — — ——du/
m3/2|B|V/2 [ cTu' erf(cTu)ew" /2

- L = - ——du
m3/2|B|V/2 [(c11w'1 + ciaw/2) erf(clu/)e=w'" /2
1 N e B L

= W/(Cllu’l)erf(cgu’)e u’2/2du’—|—/(c12u’2))erf(czTu’)e u”2/2d11

which we can integrate by parts to get

T
= %/emp(—; )(I—|—20202) o du’
_ 401TCQ 1
© T BT+ 2e0ck |3

4 af B lasy

1

|1+ 2)\2a1a1 + 2a2a%’|2

since c1co = Bil/2a1 B71/2a2 =ai T B=1a4 in the numerator and B = I + 2)\2a1a1T (and then multiplying
out) in the denominator.

3This technique popularixed by Feynman is explained in these lecture notes: https://kconrad.math.
uconn.edu/blurbs/analysis/diffunderint.pdf
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Through some very clever substitutions [Williams (1998) makes (many of these are tricks that I don’t fully
understand so I'll refer the reader to Williams’ paper), we obtain

T
I/()\):g aj az

.
T142)\2a2)AT

2 2 2 27 2 2 T \2 w: oo 2xafa
where A = 1+2)\%a7+2a35+4)\*[afas — (a1 az)”. With the very clever substitution § = Wj@,
we can write a much simpler expression for I’(\)
2 1 do
') =2 —— 22
W= 2

which contains the derivative of sin ™' with respect to @ (using the chain rule). So we take the antidrivative and
obtain () = 2 sin™"(6). Plugging back in A = 1 and unsubstituting for 6, he obtains

N2 2a] a»
Vert(z,2") = = sin

™ V1+2a24/1+ 242

(23)

T

The final step is to convert back to the original space using 7z = a?, 72’ = alas, 2’72’ = a3,z = C 'z,

' =C

2 2:T 5!
Zsin™! r =T (24)
™ V(1 +22T82) (1 + 20/ TS

A.4 Additional Experiments with Prior Weight Initialization for Various
Kernels

2 ) He et al. (2015))

(a) elu (b) linear (c) relu (d) sigmoid

(e) softmax (f) softplus (g) softsign (h) tanh
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Figure A.2: W ~ Unif [~ /2, \ /3] (He etal
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Figure A.4: Truncated (<< 20) N(0,0.05) (truncated at more than two standard deviations away
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A.5 Visualization of Each Activation Function
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A.6 Additional Posterior Plots (Those that were difficult to train)

Figure A.6: Activation Functions
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A.7 The Combined Influence of Prior and Activation Function
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